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Abstract
To study simultaneously the hydrodynamic and thermodynamic behaviors in compressible flow
systems with spherical or cylindrical symmetry, we present a theoretical framework for constructing
Discrete Boltzmann Model(DBM) with spherical or cylindrical symmetry in spherical or cylindri-
cal coordinates. To this aim, a key technique is to use local Cartesian coordinates to describe
the particle velocity in the kinetic model. Thus, the geometric effects, like the divergence and
convergence, are described as a “force term”. Even though the hydrodynamic models are one- or
two-dimensional, the DBM needs a Discrete Velocity Model(DVM) with 3 dimensions. We use a
DVM with 26 velocities to formulate the DBM which recovers the Navier-Stokes equations with
spherical or cylindrical symmetry in the hydrodynamic limit. For the system with global cylindri-
cal symmetry, we formulated also a DBM based on a DVM with 2 dimensions and 16 velocities.
In terms of the nonconserved moments, we define two sets of measures for the deviations of the
system from its thermodynamic equilibrium state. The extension of current model to the multiple-
relaxation-time version is straightforward.
PACS numbers: 51.10.+y, 47.11.-j, 47.70.Nd, 47.40.-x
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I. INTRODUCTION
During recent decades the lattice Boltzmann (LB) modeling and simulation have achieved
great success in various complex flows [1, 2]. According to the discretization scheme, the
LB methods can be roughly classified as the standard LB[1], Finite-Difference(FD) LB[3–5],
Finite-Volume(FV) LB[6] and Finite-Element(FE) LB[7, 8], etc. According to the purpose
and/or function, the LB methods can be roughly classified as Partial Differential Equa-
tions(PDE) solvers, mesoscopic kinetic models, etc. The LB methods working as mesoscopic
kinetic models are generally designed to access some nonequilibrium behaviors of the com-
plex system which can not be or are not convenient to be described by the traditional
hydrodynamic models. When constructing LB mesoscopic kinetic models, one has to ensure
that the main behaviors under consideration to be included[1, 2]. The formulating of a LB
PDE solver can be more flexible. To distinguish from the PDE solvers, the LB mesoscopic
kinetic models are referred to as the Discrete Boltzmann Model(DBM) in this work. The
appropriately designed DBM should inherit some functions of the Boltzmann equation[2, 9].
Given the great importance of shock waves in many fields of physics and engineering,
constructing LB models for high speed compressible flows has attracted considerable interest
since the early days of LB research [1]. The LB model for high speed compressible flows
has seen significant progress in recent years[9]. In 1992 Alexander et al [10] formulated
a compressible LB model for flows at high Mach number via introducing a flexible sound
speed. This model works only for nearly isothermal compressible systems. In 1999 Yan et
al [11] proposed a LB scheme for compressible Euler equations. In the years of 1998 and
2003 Sun and his coworker [12, 13] presented an adaptive LB scheme for the two- and three-
dimensional systems, respectively. In this model the particle velocities vary with the Mach
number and internal energy, so that the particle velocities are no longer constrained to fixed
values. All of those models belong to the standard LB solvers of PDE.
In 1997 Cao et al [4] proposed to use the FD scheme to calculate the spatial and temporal
derivatives in the LB equation and apply nonuniform grids so that the numerical stability can
be improved a little. In the past decade, Tsutahara, Watari and Kataoka [14–18] proposed
several nice FD LB models for the Euler and Navier-Stokes equations. In 2005 Xu [19, 20]
extended the idea to handle binary fluids. However, similar to the case of standard LB
models, these FD LB schemes still belong to LB solvers of corresponding PDE since no
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function beyond the traditional hydrodynamic models are pointed out in corresponding
publications. These FD LB schemes work also only for subsonic flows. To simulate high
speed compressible flows, especially those with shocks, many attempts and considerable
progress have been achieved in recent years [21–33].
Up to now, most of LB models for compressible fluids are in Cartesian coordinates. In
many cases the flows show divergent, convergent, and/or rotational behaviors, for example,
in cylindrical or spherical devices. For such flow systems, LB models in polar, spherical,
cylindrical or rotational coordinates are more convenient and are less exposed to numerical
errors. There have been a number of LB methods in curvilinear coordinates or axisymmetric
cylindrical coordinates. Early in 1992, Nannelli and Succi [6] presented a general framework
to extend the LB equation to arbitrary lattice geometries. In this work a FV LB was
formulated. Then some other versions of FV LB were proposed for irregular meshes[34–38].
In 1997 He and Doolen [39] extended the LB to general curvilinear coordinate systems. In the
following year Mei and Shyy [40] developed a FD LB in body-fitted curvilinear coordinates
with non-uniform grids. Later, Halliday et al [41] proposed a Polar Coordinate Lattice
Boltzmann(PCLB) for hydrodynamics. In 2005 Premnath and Abraham [42] presented a
LB for axisymmetric multiphase flows. In this work source terms were added to a two-
dimensional standard LB equation for multiphase flows such that the emergent dynamics
can be transformed into the axisymmetric cylindrical coordinate system. But all those LB
methods in non-Cartesian coordinates work only for isothermal and nearly incompressible
flows. In 2010 Asinari et al [43] formulated a LB to analyze the radiative heat transfer
problems in a participation medium, but did not take into account the effects of fluid flow.
In 2011 Watari [44] formulated a FD PCLB to investigate the rotational flow problems
in coaxial cylinders. This work presents valuable information on the LB application to
the cylindrical system. However, this model works also only for subsonic flow systems.
Based on the same discrete velocity model, Lin et al[45] formulated a PCLB for high-speed
compressible flows. Within this model[45], a hybrid scheme being similar to, but different
from, the operator-splitting is proposed. The temporal evolution is calculated analytically
and the convection term is solved via a Modified Warming-Beam (MWB) scheme. Within
the MWB scheme a suitable switch function is introduced.
Besides recovering the macroscopic hydrodynamic equations, designing DBM to access
the nonequilibrium behaviors is attracting more attention with time[2, 9]. The idea of
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DBM has been further specified and applied in various compressible flow systems via several
models[45–49]. Examples of LBGK for compressible flow systems are referred to Refs. [45,
47] where preliminary studies on shocking behaviors are shown. An example of MRT-LB
for compressible flow systems is referred to Ref. [49]. In Refs.[46, 48] the Thermodynamic
NonEquilibrium (TNE) behaviors in combustion systems are initially investigated via LBGK
models. The kinetic nature of DBM for the non-ideal gas systems, particularly, the liquid-
vapor system or single-component two phase flows was considered in Ref.[50].
In traditional modeling the implosion and explosion processes, one-dimensional or two-
dimensional hydrodynamic equations are frequently used. The one-dimensional hydrody-
namic equations are generally used to describe system with spherical symmetry and systems
with cylindrical symmetry with translational symmetry. The two-dimensional equations are
generally used to describe systems with rotational or cylindrical symmetry. Since the DBM
has been proved to be more convenient for measuring the macroscopic behaviors of the sys-
tem due to its deviating from thermodynamic equilibrium state, in this work we aim to
construct the DBM for compressible flow systems with spherical or cylindrical symmetry.
This paper is organized as below. In section II we briefly review the kinetic and hydro-
dynamic models of the fluid system. In terms of their correlations, we formulate two set of
measures for the deviation of the system from its thermodynamic equilibrium. The discrete
Boltzmann models are formulated in section III. Section IV presents the conclusion and
discussions.
II. BRIEF REVIEW OF FLUID MODELS
A. Kinetic model
The Boltzmann BGK model[51] reads
∂tf + v · ∇f = −1
τ
(f − f eq) , (1)
where f = f (R, v, t) = f (x,y,z,vx,vy,vz,t), R =xxˆ + yyˆ + zzˆ and v =vxxˆ+vyyˆ+vzzˆ in
Cartesian coordinates.
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1. In cylindrical coordinates
In cylindrical coordinates, the position R =rrˆ+zzˆ, where rrˆ is the projection of the
position R in the (x, y) plane. The included angle between the x-axis and the vector rrˆ is
θ. The unit vectors rˆ,θˆ and zˆ are the changing directions of the position R along the three
parameters, r, θ and z, i.e.,
dr = rˆdr + θˆrdθ + zˆdz.
Obviously, rˆ,θˆ and zˆ are orthogonal to each other and satisfy the following relationships,
zˆ= rˆ× θˆ ,
θˆ= zˆ× rˆ ,
rˆ= θˆ × zˆ .
It is easy to find that
drˆ = (zˆdθ)× rˆ = θˆdθ,
dθˆ = (zˆdθ)× θˆ = −rˆdθ,
dzˆ = 0.
We consider two kinds of cylindrical symmetries here. The system is referred to have
local cylindrical symmetry if the behavior of the system is independent of the azimuthal
coordinate θ but maybe dependent of the hight z, and is referred to have global cylindrical
symmetry if the behavior of the system is independent of both the azimuthal coordinate θ
and the hight z.
The description of the particle velocity v can use the global Cartesian coodinates (xˆ, yˆ, zˆ),
v=vxxˆ+vyyˆ+vzzˆ. (2)
It can also use the local Cartesian coordinates
(
rˆ, θˆ, zˆ
)
,
v = vr rˆ+vθθˆ+vzzˆ
= v · rˆrˆ+ v · θˆθˆ + v · zˆzˆ. (3)
Consequently, the distribution function f can also be described in two different forms,
f = f (r, θ, z, vx, vy, vz, t) (4)
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or
f = f (r, θ, z, vr, vθ, vz, t) . (5)
In this work we will use the latter form, Eq. (5). This is a key technique in this work
for constructing the DBM. Under the definition (5), it should be stressed that the particle
velocity v is locally fixed, while its two components, vr, vθ, varies with the position R, when
calculating the spatial derivative, ∇f . We use the symbol “∇|
v
” to replace “∇” in Eq. (1)
to stress that v is fixed when calculating the spatial derivatives. Thus, Eq. (1) is rewritten
as
∂tf + v · ∇|vf = −1
τ
(f − f eq) . (6)
According to the definition (5),
∇|
v
f = ∇|vr ,vθ f +∇vr
∂f
∂vr
+∇vθ ∂f
∂vθ
, (7)
where
∇vr = ∇ (ˆr · v)
= (∇rˆ) ·v
=
(
rˆ
∂rˆ
∂r
+θˆ
1
r
∂rˆ
∂θ
+ zˆ
∂rˆ
∂z
)
·v
= θˆ
1
r
θˆ · v
=
vθ
r
θˆ, (8)
similarly,
∇vθ = −vr
r
θˆ. (9)
Substituting Eqs. (7)-(9) into Eq. (6) gives the Boltzmann equation in cylindrical coordi-
nates,
∂tf + v · ∇|vr,vθ f +
v2θ
r
∂f
∂vr
− vrvθ
r
∂f
∂vθ
= −1
τ
(f − f eq) . (10)
For macroscopic system with cylindrical symmetry, the distribution function f does not
depend explicitly on the angle θ. i.e.,
f = f (r, z, vr, vθ, vz, t) . (11)
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So, the Boltzmann equation becomes
∂tf +
(
vr
∂f
∂r
+ vz
∂f
∂z
)
+
(
v2θ
r
∂f
∂vr
− vrvθ
r
∂f
∂vθ
)
= −1
τ
(f − f eq) . (12)
It is clear that the term (
v2θ
r
∂f
∂vr
− vrvθ
r
∂f
∂vθ
)
plays the role of the force term in the Boltzmann equation in the Cartesian coordinates.
It creates the divergence or convergence effects in the flow system. When the system is
not far from its thermodynamic equilibrium, we can use the approximation, f = f eq, when
calculating the force term. If further use the macroscopic condition, uθ = 0, the final
Boltzmann model for the flow system with cylindrical becomes,
∂tf +
(
vr
∂f
∂r
+ vz
∂f
∂z
)
+
[
vrv
2
θ
rT
− v
2
θ (vr − ur)
rT
]
f eq = −1
τ
(f − f eq) . (13)
2. In spherical coordinates
In spherical coordinates, the position R =rrˆ. The three parameters r, θ and ϕ are the
radial, azimuth and zenith angle, respectively. The unit vectors, rˆ,θˆ and ϕˆ, are the changing
directions of the position vector R along the three parameters, r, θ and ϕ, respectively, i.e.,
dr = rˆdr + rθˆdθ + r sin θ ϕˆdϕ.
Obviously, rˆ,θˆ and ϕˆ are orthogonal to each other and satisfy the following relationships,
ϕˆ = rˆ× θˆ ,
θˆ = ϕˆ× rˆ ,
rˆ = θˆ × ϕˆ .
It is easy to find that
drˆ = (ϕˆdθ + zˆdϕ)× rˆ = θˆdθ + ϕˆ sin θ dϕ,
dθˆ = (ϕˆdθ + zˆdϕ)× θˆ = −rˆdθ + ϕˆ cos θ dϕ,
dϕˆ = (ϕˆdθ + zˆdϕ)× ϕˆ= −
(
rˆ sin θ + θˆ cos θ
)
dϕ.
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The description of the particle velocity v can use the global Cartesian coordinates
(xˆ, yˆ, zˆ). It can also use the local Cartesian coodinates
(
rˆ, θˆ, ϕˆ
)
.
v = vxxˆ+vyyˆ+vzzˆ
= vrrˆ+vθθˆ+vϕϕˆ
= v · rˆrˆ+ v · θˆθˆ + v·ϕˆϕˆ. (14)
The distribution function f can also be described in two different forms,
f = f (r, θ, ϕ, vx, vy, vz, t) (15)
or
f = f (r, θ, ϕ, vr, vθ, vϕ, t) . (16)
In this work we will use the latter form, Eq. (16). Because it is more convenient when
describing problems with cylindrical symmetry. Under the definition (16), it should be
stressed that the particle velocity v is fixed, while its three components, vr, vθ, vϕ,varies
with the position R, when calculating the spatial derivative, ∇f . We use the symbol “∇|
v
”
to replace “∇” in Eq. (1) to stress that v is fixed when calculating the spatial derivatves.
Thus, Eq. (1) is rewritten as
∂tf + v · ∇|vf = −1
τ
(f − f eq) . (17)
According to the definition (16),
∇|
v
f = ∇|vr ,vθ f +∇vr
∂f
∂vr
+∇vθ ∂f
∂vθ
+∇vϕ ∂f
∂vϕ
, (18)
where
∇vr = ∇ (ˆr · v)
= (∇rˆ) ·v
=
(
rˆ
∂rˆ
∂r
+θˆ
1
r
∂rˆ
∂θ
+ ϕˆ
1
r sin θ
∂rˆ
∂ϕ
)
·v
=
(
θˆθˆ
r
+
ϕˆϕˆ
r
)
·v
=
vθ
r
θˆ +
vϕ
r
ϕˆ, (19)
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and similarly,
∇vθ = −vr
r
θˆ+
vϕ cos θ
r sin θ
ϕˆ, (20)
∇vϕ = −
(
vr
r
+
vθ cos θ
r sin θ
)
ϕˆ. (21)
Substituting Eqs. (18)-(21) into Eq. (17) gives the Boltzmann equation in spherical coordi-
nates,
∂tf + v · ∇|vr ,vθ,vϕ f +
v2θ + v
2
ϕ
r
∂f
∂vr
+
(
v2ϕ cos θ
r sin θ
− vrvθ
r
)
∂f
∂vθ
−
(
vrvϕ
r
+
vϕvθ cos θ
r sin θ
)
∂f
∂vϕ
= −1
τ
(f − f eq) . (22)
For macroscopic system with spherical symmetry, the distribution function f does not de-
pend explicitly on the angles θ and ϕ, i.e.,
f = f (r, vr, vθ, vϕ, t) ; (23)
and f is invariant under the rotation in the subspace of (vθ, vϕ), i.e.,
f (r, vr, vθ, vϕ, t) = f
(
r, vr, v
′
θ, v
′
ϕ, t
)
(24)
only when
v2θ + v
2
ϕ = v
′2
θ + v
′2
ϕ . (25)
So, (
vθ
∂f
∂vϕ
− vϕ ∂f
∂vθ
)
f = 0. (26)
Using the conditions, (23) and (26), in Eq. (22) gives
∂tf + v · ∇|vr,vθ ,vϕ f +
(
v2θ + v
2
ϕ
r
∂f
∂vr
− vrvθ
r
∂f
∂vθ
− vrvϕ
r
∂f
∂vϕ
)
= −1
τ
(f − f eq) . (27)
It is clear that the term (
v2θ + v
2
ϕ
r
∂f
∂vr
− vrvθ
r
∂f
∂vθ
− vrvϕ
r
∂f
∂vϕ
)
plays the role of the force term in the Boltzmann equation in Cartesian coordinates. It creates
the divergence or convergence effects in the flow system. If the system is not far from its
thermodynamic equilibrum, we can use the approximation, f = f eq when calculating the
force term. If further use the macroscopic condition, uθ = uϕ = 0, the final Boltzmann
model for the flow system with spherical symmetry becomes,
∂tf + vr
∂f
∂r
+
[
vrv
2
θ
rT
+
vrv
2
ϕ
rT
−
(
v2θ + v
2
ϕ
)
(vr − ur)
rT
]
f eq = −1
τ
(f − f eq) . (28)
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B. Hydrodynamic models and their correlations to kinetic models
The Navier-Stokes equations in Cartesian coordinates read
∂ρ
∂t
+
∂(ρuα)
∂xα
= 0, (29a)
∂(ρuα)
∂t
+
∂(ρuαuβ)
∂xβ
+
∂Pδαβ
∂xβ
=
∂σαβ
∂xβ
, (29b)
∂
∂t
(ρE +
1
2
ρu2) +
∂
∂xα
[uα(ρE +
1
2
ρu2 + P )] =
∂
∂xα
[−Qα + uβσαβ ] . (29c)
In the left-hand side of Eqs. (29a)- (29c), ρ, u, P = ρRT , E = (D + n)RT/2, T , γ =
(D + n+ 2) / (D + n) are the hydrodynamic density, flow velocity, pressure, internal energy,
temperature and specific-heat ratio, respectively. D is the space dimension and n is the
number of extra degrees of freedom whose energy level is η2/2. u2 = u ·u. In the right-hand
side of Eqs. (29b)- (29c),
σαβ = µ
[
∂uβ
∂rα
+
∂uα
∂rβ
− (1− λ) ∂uγ
∂rγ
δαβ
]
(30)
is the viscous stress and
Qα = −k ∂E
∂rα
(31)
is the heat flux. The two parameters,
µ =
2
D
ρeτ ,
λ =
D + n− 2
D + n
,
are viscosities and the parameter,
k =
2 (D + n + 2)
D (D + n)
ρeτ ,
is the heat conductivity. e = DRT/2 is the translational internal energy. It is clear that P =
2ρe/D. When the viscosities and heat conductivity vanish, the hydrodynamic equations,
(29a) - (29c), become the Euler equations.
The Chapamn-Enskog multiscale analysis shows that, in the process of recovering the
Navier-Stokes equations, (29a) - (29c), from the Boltzmann BGK equation, (1), the following
seven moment relations, ∫ ∫
f eqdvdη = ρ, (32a)
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∫ ∫
f eqvαdvdη = ρuα, (32b)∫ ∫
f eq
(
v2 + η2
)
dvdη = 2ρ
(
D + n
D
e +
u2
2
)
, (32c)
∫ ∫
f eqvαvβdvdη = Pδαβ + ρuαuβ, (32d)∫ ∫
f eq
(
v2 + η2
)
vαdvdη = 2ρ
(
D + n+ 2
D
e+
u2
2
)
uα, (32e)∫ ∫
f eqvαvβvχdvdη = ρRT (uαδβχ + uβδαχ + uχδαβ) + ρuαuβuχ, (32f)∫ ∫
f eq
(
v2 + η2
)
vαvβdvdη =
4
D
ρe
(
D + n + 2
D
e+
u2
2
)
δαβ+2ρuαuβ
(
D + n+ 4
D
e+
u2
2
)
,
(32g)
are used, where η is the velocity in the n extra degrees of freedom, η2 = η · η, and
f eq = geq (v)heq (η) (33)
with
geq (v) = ρ
(
D
4pie
)D/2
exp
[
−D
4e
(v − u)2
]
, (34a)
heq (η) =
(
D
4pine
)D/2
exp
(
− D
4ne
η2
)
. (34b)
We require
∫
dη heq (η) = 1, and n→ 0 when η → 0.
Converting the form of equations, (29a) - (29c), from the Cartesian coordinates to the
cylindrical or spherical coordinates gives the hydrodynamic model which can be recovered
from the kinetic model (10) or (22) in the continnum limit. The Navier-Stokes equations
with spherical symmetry are only one dimensional and read
∂tρ+ (∂r +
2
r
) (ρu) = 0, (35a)
∂tu+ u∂ru+
1
ρ
∂rp =
4
ρr
µ(∂rur − ur
r
)− 1
ρ
∂r
[
µ(1− λ)(∂r + 2
r
)ur − 2µ∂rur
]
, (35b)
∂te + u∂re+
p
ρ
[
(∂r +
2
r
)u
]
=
1
ρ
(∂r +
2
r
)(k∂rT ) +
2µ
ρ
[
(∂ru)
2 + 2(
u
r
)
2
]
− 1
ρ
µ(1− λ)
[
(∂r +
2
r
)u
]2
, (35c)
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which can be recovered from the kinetic model (28). The Navier-Stokes equations with local
cylindrical symmetry are two dimensional and read
∂tρ+ (∂r + 1/r) (ρur) + ∂z (ρuz) = 0 (36a)
∂tur + ur∂rur + uz∂zur+
1
ρ
∂rp
=
1
ρ
∂r
[
2µ∂rur − µ(1− λ)(∂rur + ur
r
+ ∂zuz)
]
+
µ
ρ
[
2∂rur − 2ur/r
r
+ ∂z(∂zur + ∂ruz)
]
(36b)
∂tuz + ur∂ruz + uz∂zuz +
1
ρ
∂zp
=
µ
ρ
∂r(∂zur + ∂ruz)− µ
ρ
(∂zur + ∂ruz)
r
+
1
ρ
∂z
[
2µ∂zuz − µ(1− λ)(∂rur + ur
r
+ ∂zuz)
]
(36c)
∂te+ ur∂re + uz∂ze +
1
ρ
p(∂rur +
ur
r
+ ∂zuz)
= −1
ρ
µ(1− λ)(∂rur + ur
r
+ ∂zuz)
2 +
2
ρ
µ∂rur∂rur
+
1
ρ
2µur
r
ur
r
+
1
ρ
µ(∂zur + ∂ruz)
2
+
2
ρ
µ∂zuz∂zuz+
1
ρ
[
(∂r +
1
r
)k∂rT + ∂zk∂zT
]
(36d)
which can be recovered from the kinetic model (13).
C. Measurements of nonequilibrium effects
The Chapman-Enskog multiscale analysis tells that, as the simplest hydrodynamic model
of fluid system, the Euler equations ignore completely the Thermodynamic NonEquilibrium
(TNE) behavior. The Navier-Stokes equations describe the TNE behavior via the terms
in viscosity and heat conductivity. The Euler model works successfully when we consider
the fluid system in a time scale t0 which is large enough compared with thermodynamic
relaxation time τ . Besides the normal high speed compressible flows, the Euler model works
also for solid materials under strong shock. From the mechanical side, compared with the
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shocking strength, the material strength, for example, the yield, and viscous stress are negli-
gible. Consequently, the Euler model works better with increasing the shock strength. From
the side of time scales, when study the shocking procedure, the used time scale t0 is gen-
erally small enough compared with the time scale th for heat conduction and large enough
compared with the thermodynamic relaxation time τ . In other words, during the time inter-
val under investigation, the heat conduction does not have time to occur significantly and
consequently its effects are negligible. For the objective system where the thermodynamic
relaxation time τ is fixed, if we decreases the observing time scale t0, we find more TNE
effects. The Boltzmann kinetic model can be used to investigate both the hydrodynamic
and thermodynamic behaviors.
Following the seven moment relations, (32a)-(32g), used in recovering the Navier-Stokes
equations, we define the following moments,
M∗0(f ,v) =
∫ ∫
f dvdη, (37a)
M∗1(f ,v) =
∫ ∫
f vdvdη, (37b)
M∗2,0(f ,v) =
∫ ∫
f
(
v · v + η2) dvdη, (37c)
M∗2(f ,v) =
∫ ∫
f vvdvdη, (37d)
M∗3,1(f ,v) =
∫ ∫
f
(
v · v + η2)vdvdη, (37e)
M∗3(f ,v) =
∫ ∫
f vvvdvdη, (37f)
M∗4,2(f ,v) =
∫ ∫
f
(
v · v + η2)vvdvdη, (37g)
where M∗n means a n-th order tensor and M
∗
m,n means a n-th-order tensor contracted from
a m-th order tensor. For the case of central moments, the variable v is replaced with
v∗ = (v − u). It is clear M∗0 and M∗2,0 are scalars. Each of them has only 1 component. M∗1
and M∗3,1 are vectors. Each of them has 2 independent components in 2-dimensional case or
3 independent components in 3-dimensional case. M∗2 andM
∗
4,2 are 2nd order tensors. Each
of them has 3 independent components in 2-dimensional case or 6 independent components
in 3-dimensional case. M∗3 is 3rd tensor and has 4 independent components in 2-dimensional
case or 10 independent components in 3-dimensional case. Therefore, the constraints, (32a)
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- (32g), are in fact 16 linear equations in f eq in 2-dimensional case and 30 linear equations
in f eq in 3-dimensional case. We further define
∆∗m,n (v) =M
∗
m,n(f ,v)−M∗m,n(f eq,v). (38)
It is clear that ∆∗0 (v) = 0, ∆
∗
1 (v) = 0 and ∆
∗
2,0 (v) = 0, which is due to the mass,
momentum and energy conservations. Except for the three, the quantity ∆∗m,n (v) works
as a measure for the deviation of the system from its thermodynamic equilibrium. The
information of flow velocity u is taken into account in the definition (38). Similarly,
∆∗m,n (v
∗) =M∗m,n(f ,v
∗)−M∗m,n(f eq,v∗). (39)
Except for ∆∗0 (v
∗), ∆∗1 (v
∗) and ∆∗2,0 (v
∗), the quantity ∆∗m,n (v
∗) works as a measure for
the deviation of the system from its thermodynamic equilibrium, where only the thermal
fluctuations of the molecules are considered.
III. DISCRETE BOLTZMANN MODELS
There are two key techniques in constructing DBM with force terms. The first is to
approximate f by f eq in the force term so that the velocity derivative of f , ∂f/∂v, can be
analytically calculated before introducing the Discrete Velocity Model(DVM). The second
is that the DVM can be fixed before the main interaction in the code. In other words, the
discrete velocities vi do not need to be recalculated in each iteration step.
For constructing the DBM for systems with cylindrical symmetry, we use Eq. (13). We
have
∂tfi +
(
vir
∂fi
∂r
+ viz
∂fi
∂z
)
+
[
virv
2
iθ
rT
− v
2
iθ (vir − ur)
rT
]
f eqi = −
1
τ
(fi − f eqi ) . (40)
where fi (f
eq
i ) is the discrete (equilibrium) distribution function; vi is the i-th discrete
velocity, i = 1, ..., N ; N is the total number of the discrete velocity. For constructing the
DBM for systems with spherical symmetry, we use Eq. (28). We have
∂tfi + vir
∂fi
∂r
+
[
virv
2
iθ
rT
+
virv
2
iϕ
rT
−
(
v2iθ + v
2
iϕ
)
(vir − uir)
rT
]
f eqi = −
1
τ
(fi − f eqi ) . (41)
The fundamental requirement for a DBM is that it should recover the same set of hy-
drodynamic equations as those given by the original continuous Boltzmann equation. The
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Chapman-Enskog multiscale analysis shows that, to formulate a DBM, we need only require
that the used moment relations in continuous form can be rewritten in discrete form. To for-
mulate a DBM which recovers the Euler equations, the following five constraints are needed,
ρ =
N∑
i=1
f eqi =
N∑
i=1
fi, (42a)
ρuα =
N∑
i=1
f eqi viα =
N∑
i=1
fiviα, (42b)
2ρ
(
D + n
D
e+
u2
2
)
=
N∑
i=1
f eqi (v
2
i + η
2
i ) =
N∑
i=1
fi(v
2
i + η
2
i ), (42c)
Pδαβ + ρuαuβ =
N∑
i=1
f eqi viαviβ, (42d)
2ρ
(
D + n+ 2
D
e+
u2
2
)
uα =
N∑
i=1
f eqi (v
2
i + η
2
i )viα, (42e)
To formulate a DBM which recovers the Navier-Stokes equations, two more constraints,
ρRT (uαδβχ + uβδαχ + uχδαβ) + ρuαuβuχ =
∑
f eqi viαviβviχ, (42f)
4
D
ρe
(
D + n + 2
D
e +
u2
2
)
δαβ + 2ρuαuβ
(
D + n+ 4
D
e +
u2
2
)
=
∑
f eqi
(
v2i + η
2
i
)
viαviβ,
(42g)
are needed. Following the same idea as in the definitions, (37a) - (37g), we define the
following moments of the discrete distribution function fi,
M0(fi,vi) =
N∑
i=1
fi, (43a)
M1(fi,vi) =
N∑
i=1
fivi, (43b)
M2,0(fi,vi) =
N∑
i=1
fi(vi · vi + η2i ), (43c)
M2(fi,vi) =
N∑
i=1
fivivi, (43d)
M3,1(fi,vi) =
N∑
i=1
fi(vi · vi + η2i )vi, (43e)
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M3(fi,vi) =
∑
fivivivi, (43f)
M4,2(fi,vi) =
∑
fi
(
vi · vi + η2i
)
vivi, (43g)
where Mn means a n-th order tensor and Mm,n means a n-th-order tensor contracted from
a m-th order tensor. For the case of central moments, the variable v is replaced with
v∗ = (v − u). The constraints, (42a) - (42g), are in fact 16 linear equations in f eqi in 2-
dimensional case and 30 linear equations in f eqi in 3-dimensional case. Following the same
idea as in the definitions, (38) - (39), we further define
∆m,n (vi) =Mm,n(fi,vi)−Mm,n(f eqi ,vi). (44)
∆m,n (v
∗
i ) =Mm,n(fi,v
∗
i )−Mm,n(f eqi ,v∗i ). (45)
Except for ∆0, ∆1and ∆2,0, the quantity ∆m,n works as a measure for the deviation of the
system from its thermodynamic equilibrium.
A key step in formulating a DBM is to find a solution for the discrete equlibrium distri-
bution function f eqi . The constraints, (42a) - (42g) can also be rewritten as
fˆ eq = Cf eq (46)
where fˆ eq =
[
fˆ eqk
]T
and f eq = [f eqk ]
T
are column vectors with k = 1,2,· · · ,N , C is N × N
matrix whose components are determined by vi if the parameter ηi is fixed. It is clear that
f eq = C−1fˆ eq. (47)
Obviously, the choosing of the DVM must ensure the exsitence of C−1. We work in the
frame where the particle mass m = 1 and the constant R = 1.
A. DBM for systems with spherical symmetry
If we require the DBM to recover the Navier-Stokes equations in the continuum limit, the
DBM needs a DVM with 3 dimensions.
1. Case with γ = 5/3
We first consider the simple case where ratio of specific rates is fixed, γ = 5/3. We
set ηi = 0 and n = 0 in constraint (42g). Among the seven moment constraints, (42a) -
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(42g), only five are independent. We do not use the constraints (42c) and (42e). The five
independent constraints can be rewritten as 26 independent linear equations in f eqi . Now,
we fix the components fˆ eqk of fˆ
eq. Here N = 26.
From the constraint (42a), we have fˆ eq1 = ρ. From the constraint (42b), we have fˆ
eq
2 = ρur,
fˆ eq3 = ρuθ, fˆ
eq
4 = ρuϕ. From the constraint (42d), we have fˆ
eq
5 = P + ρu
2
r, fˆ
eq
6 = ρuruθ,
fˆ eq7 = ρuruϕ, fˆ
eq
8 = P +ρu
2
θ, fˆ
eq
9 = ρuθuϕ, fˆ
eq
10 = P +ρu
2
ϕ. From the constraint (42f), we have
fˆ eq11 = ρ [T (3ur) + u
3
r], fˆ
eq
12 = ρ (Tuθ + u
2
ruθ), fˆ
eq
13 = ρ (Tuϕ + u
2
ruϕ), fˆ
eq
14 = ρ (Tur + uru
2
θ),
fˆ eq15 = ρ (uruθuϕ), fˆ
eq
16 = ρ
(
Tur + uru
2
ϕ
)
, fˆ eq17 = ρ [T (3uθ) + u
3
θ], fˆ
eq
18 = ρ [Tuϕ + u
2
θuϕ],
fˆ eq19 = ρ
[
Tuθ + u
2
ϕuθ
]
, fˆ eq20 = ρ
[
T (3uϕ) + u
3
ϕ
]
. From the constraint (42g), we have
fˆ eq21 = ρT (5T + u
2) + ρu2r (7T + u
2), fˆ eq22 = ρuruθ (7T + u
2), fˆ eq23 = ρuruϕ (7T + u
2), fˆ eq24 =
ρT (5T + u2) + ρu2θ (7T + u
2), fˆ eq25 = ρuθuϕ (7T + u
2), fˆ eq26 = ρT (5T + u
2) + 2ρu2ϕ (7T + u
2).
Since the system is spherically symmetric in macroscopic scale, uθ = uϕ = 0 and u
2 = u2r
in the above expressions for fˆ eq =
[
fˆ eq1 , fˆ
eq
2 , · · · ,fˆ eqN
]T
.
The components of the matrix C = [Ck] = [Cki] should be fixed in the same sequence,
where k = 1,2,· · · ,26 and i = 1,2,· · · ,26. From the constraint (42a),we have C1i = 1.
From the constraint (42b), we have C2i = vir, C3i = viθ, C4i = viϕ. From the constraint
(42d), we have C5i = v
2
ir, C6i = virviθ, C7i = virviϕ, C8i = v
2
iθ, C9i = viθviϕ, C10i = v
2
iϕ.
From the constraint (42f), we have C11i = v
3
ir, C12i = v
2
irviθ, C13i = v
2
irviϕ, C14i = virv
2
iθ,
C15i = virviθviϕ, C16i = virv
2
iϕ, C17i = v
3
iθ, C18i = v
2
iθviϕ, C19i = viθv
2
iϕ, C20i = v
3
iϕ. From the
constraint (42g), we have C21i =
(
v2ir + v
2
iθ + v
2
iϕ
)
v2ir, C22i =
(
v2ir + v
2
iθ + v
2
iϕ
)
virviθ, C23i =(
v2ir + v
2
iθ + v
2
iϕ
)
virviϕ, C24i =
(
v2ir + v
2
iθ + v
2
iϕ
)
v2iθ, C25i =
(
v2ir + v
2
iθ + v
2
iϕ
)
viθviϕ, C26i =(
v2ir + v
2
iθ + v
2
iϕ
)
v2iϕ.
An example for the 3-Dimensional 26-Velocity(D3V26) DVM is as below,
vi =


(0,±1,±1) c1 i = 1, · · · , 4
(±1, 0,±1) c1 i = 5, · · · , 8
(±1,±1, 0) c1 i = 9, · · · , 12
(48a)
vi =
{
(±1,±1,±1) c2 i = 13, · · · , 20 (48b)
vi =


(±1, 0, 0) c3 i = 21, 22
(0,±1, 0) c3 i = 23, 24
(0, 0,±1) c3 i = 25, 26
. (48c)
A specific example of the DVM and the expressions for the inverse of the matrix C,
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C−1 =
[
C−1k
]
, are shown in the appendix A. Up to this step, a the special discretization of
the velocity space has been performed. Consequently, the DBM for system with spherical
symmetry and γ = 5/3 has been constructed. The spatial and temporal derivatives of the
distribution function in the kinetic model can be calculated in the normal way. If we are
not interested in the extra degrees of freedom other than the translational, the formulated
DBM can be used to study the hydrodynamic and the thermodynamic behaviors of the
compressible flow system. In this case, E = e in the hydrodynamic energy equation.
2. Case with flexible γ
For the case with flexible γ, if we are interested only in the hydrodynamic behaviors,
we can use the simulation results of the DBM formulated in last subsection. Just get the
number n of the extra degree of freedom using its relation to γ, then obtain the total internal
energy E using its definition. If we are interested also in the thermodynamic nonequilibrium
behavior, we need continue the formulation of the DBM.
To model the case with flexible ratio of specific heats, we resort to the parameter ηi to
describe the contribution of extra degrees of freedom. From the constraints (42d) and (42c)
we have
nρRT =
N∑
i=1
f eqi η
2
i , (49a)
From the constraints (42e) and (42f), we have
nρRTuα =
N∑
i=1
f eqi viαη
2
i , (49b)
From the constraint (42g) we have
nρRT (RTδαβ + uαuβ) =
∑
f eqi viαviβη
2
i . (49c)
The constraints (49a) - (49c) compose 10 linear equations for the variable η2i . It is clear that
we can set ηi = 0 for i = 11, · · · ,26.Therefore, once the DBM for the system with γ = 5/3
are fixed, we can further fixed η2i . Via replacing the translational kinetic energy e with the
total internal kinetic energy E, the D2V26-DBM can be used to model system with flexible
ratio of specific heats.
The constraints (49a) - (49c) can be rewritten as
gˆ = Dg (50)
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where
gˆ = [gˆk]
T
= nρRT
[
1,ur,uθ,uϕ,RT + u
2
r,uruθ,uruϕ,RT + u
2
θ,uθuϕ,RT + u
2
ϕ
]
(51)
and
g = [gk]
T
=
[
η2i , i = 1, · · · ,10
]
(52)
are column vectors with k = 1,2,· · · ,10,D = [Dk] = [Dki] is 10×10 matrix whose components
are determined by f eqi and viα. Specifically, D1 = [f
eq
i ], D2 = [f
eq
i vir], D3 = [f
eq
i viθ], D4 =
[f eqi viϕ], D5 = [f
eq
i v
2
ir], D6 = [f
eq
i virviθ], D7 = [f
eq
i virviϕ], D8 = [f
eq
i v
2
iθ], D9 = [f
eq
i viθviϕ],
D10 =
[
f eqi v
2
iϕ
]
Since f eqi has been determined via
f eq = C−1fˆ eq, (53)
finally,
g = D−1gˆ. (54)
Via substituting the results η2i to Eqs. (43d) - (43g), then using the Eqs. (44) and (45),
the thermodynamic nonequilibrium behavior can be investigated. Up to this step, a DBM
with D2V26 for system with flexible specific heat ratio γ has been formulated.
B. DBM for systems with cylindrical symmetry
When the system depends also on the value of z, the DBM needs a 3-dimensional DVM
with N = 26. The DVM can be similar to the case with spherical symmetry. The only
difference is that the subscript “ϕ” should be replaced with “z”.
If the system is also independent of the height z, The discrete Boltzmann equation (40)
is simplified as
∂tfi + vir
∂fi
∂r
+
(
virv
2
iθ
rT
− v
2
iθ (vir − ur)
rT
)
f eqi = −
1
τ
(fi − f eqi ) . (55)
A complete DBM needs also a DVM with 3 dimensions. But when the degree of freedom
in z can be ignored, to recover the Navier-Stokes equations the continuum limit, the DVM
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needs only 2 Dimensions and 13 Velocities(D2V13). In this formulation scheme, we need
the minimum number of discrete velocities, but have to add extra calculations, as shown by
Eq.(54), to fix η2i .
In this section we consider a slightly different scheme. We use a DVM with 2 Dimensions
and 16 Velocities (D2V16) to formulate the DBM which recovers the Navier-Stokes equations
in the continuum limit. From the constraints (42a) - (42g), we choose
fˆ eq =
[
fˆ eq1 , fˆ
eq
2 , · · · , fˆ eq16
]T
, (56)
where fˆ eq1 = ρ, fˆ
eq
2 = ρur,fˆ
eq
3 = ρuθ, fˆ
eq
4 = ρ [(n + 2)RT + (u
2
r + u
2
θ)], fˆ
eq
5 = P + ρu
2
r , fˆ
eq
6 =
ρuruθ, fˆ
eq
7 = P + ρu
2
θ, fˆ
eq
8 = ρ[(n + 4)RT + (u
2
r + u
2
θ)]ur, fˆ
eq
9 = ρ[(n + 4)RT + (u
2
r + u
2
θ)]uθ,
fˆ eq10 = ρ [RT (3ur) + u
3
r], fˆ
eq
11 = ρ (RTuθ + u
2
ruθ), fˆ
eq
12 = ρ (RTur + u
2
θur),
fˆ eq13 = ρ [RT (3uθ) + u
3
θ], fˆ
eq
14 = ρRT [(n + 4)RT + u
2] + ρu2r [(n + 6)RT + u
2], fˆ eq15 =
ρuruθ [(n+ 6)RT + u
2], fˆ eq16 = ρRT [(n+ 4)RT + u
2] + ρu2θ [(n + 6)RT + u
2]. Since the
system is cylindrically symmetric in macroscopic scale and independent of the value of z,
uθ = uz = 0 in the above expressions for fˆ
eq
i .
In the same sequence, we fix the matrix C = [Ck] = [Cki] below. C1i = 1, C2i = vir,
C3i = viθ, C4i = (v
2
ir + v
2
iθ + η
2
i ), C5i = v
2
ir, C6i = virviθ, C7i = v
2
iθ, C8i = (v
2
ir + v
2
iθ + η
2
i ) vir,
C9i = (v
2
ir + v
2
iθ + η
2
i ) viθ, C10i = v
3
ir, C11i = v
2
irviθ, C12i = virv
2
iθ, C13i = v
3
iθ, C14i =
(v2ir + v
2
iθ + η
2
i ) v
2
ir, C15i = (v
2
ir + v
2
iθ + η
2
i ) virviθ, C16i = (v
2
ir + v
2
iθ + η
2
i ) v
2
iθ.
It should be pointed out that, in this formulation scheme, the values of ηi have to be
chosen in such a way that the inverse of the matrix C exists.
An example of the D2V16 is as below,
vi =


(±1, 0) c1
(0,±1) c1 ,
(±1,±1) c2
i = 1, · · · , 8 (57a)
vi =


(±1, 0) c3
(0,±1) c3 ,
(±1,±1) c4
i = 9, · · · , 16. (57b)
A specific example of the DVM with specific ηi and the corresponding components of C
−1 =[
C−1k
]
are shown in appendix B.
21
IV. CONCLUSION AND DISCUSSIONS
We present a theoretical framework for constructing discrete Boltzmann model in spher-
ical or cylindrical coordinates for the compressible flow systems with spherical or cylindrical
symmetry. A common property of the two kinds symmetric systems is that the behavior of
the system is independent of the azimuthal coordinate. A key technique here is to use local
Cartesian coordinates to describe the particle velocity. Thus, in the Boltzmann equation of
such a system the geometric effects, like the divergence and convergence, are described as a
“force term”.
For a system with spherical or global cylindrical symmetry, the hydrodynamic equations
depend only on the radial coordinate. The hydrodynamic equations for system with local
cylindrical symmetry may depend also on the height z. For such a system, even though the
hydrodynamic models are one- or two-dimensional, the discrete Boltzmann model needs a
DVM with 3 dimensions. We use a DVM with 26 velocities to formulate the DBM which
recovers the Navier-Stokes equations with spherical or cylindrical symmetry in the hydro-
dynamic limit.
For the system with global cylindrical symmetry, we formulate also a DBM based on a
DVM with 2 dimensions and 16 velocities. But it should be pointed out that, the system
described by the DBM based on D2V16 is not the same as that described by the DBM based
on D3V26. For example, the equation of state, P = 2ρe/D, is different for the two kinds of
systems.
Besides recovering the hydrodynamic equations in the continuum limit, the more impor-
tant point for a DBM is that, in terms of the nonconserved moments, we can define two sets
of measures for the deviation of the system from its thermodynamic equilibrium state. The
measurements are clarified. With the DBM we can study simultaneously both the hydro-
dynamic and thermodynamic behaviors. Since the inverse of the transformation matrix C
connecting the discrete equilibrium distribution function f eq and corresponding moments fˆ eq
has been fixed, the extension to multiple-relaxation-time DBM[27, 49] is straightforward. It
should also be pointed out that, fixing the transformation matrix C and its inverse is only
one of the possible schemes to get a solution for the discrete equilibrium distribution function
f eq. A second way to find a solution for the discrete equilibrium distribution function f eq is
to follow the ideas used in Refs. [16–18]. A difference is that the scheme introduced in this
22
work needs the minimum number of discrete velocities.
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Appendix A: C−1 for the D3V26
Specifically, we can choose
vir = c1[0, 0, 0, 0, 1, 1,−1,−1, 1, 1,−1,−1]
viθ = c1[1, 1,−1,−1, 0, 0, 0, 0, 1,−1,−1, 1]
viϕ = c1[1,−1,−1, 1, 1,−1,−1, 1, 0, 0, 0, 0]


for i = 1, · · · ,12, (58a)
vir = c2[1, 1, 1, 1,−1,−1,−1,−1]
viθ = c2[1, 1,−1,−1, 1, 1,−1,−1]
viϕ = c2[1,−1,−1, 1, 1,−1,−1, 1]


for i = 13, · · · ,20, (58b)
vir = c3[1,−1, 0, 0, 0, 0]
viθ = c3[0, 0, 1,−1, 0, 0]
viϕ = c3[0, 0, 0, 0, 1,−1]


for i = 21, · · · ,26, (58c)
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The components of the inverse of C, C−1 =
[
C−1k
]
, are shown below.
C−11 = [1/4
c3
2c2
2
(2 c12 − c32) (2 c12 − 3 c22) ,0,− 1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
−1/4 c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
c1
2c2
2 − c12c32 + 2 c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
0,0,− 1/4 c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,− 3/4
c2
2
c12 (2 c12 − 3 c22) ,
−1/4 c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,− 1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,
−1/4 (c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,0,0,0,1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,
1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
c1
2 − 2 c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
0,0,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,1/4
1
c12 (2 c12 − 3 c22) ,
1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ] (59a)
C−12 = [1/4
c3
2c2
2
(2 c12 − c32) (2 c12 − 3 c22) ,0,− 1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
c1
2c2
2 − c12c32 + 2 c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
0,0,− 1/4 c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22),3/4
c2
2
c12 (2 c12 − 3 c22) ,
−1/4 c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,− 1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,
1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,0,0,0,1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
−1/4 (c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,
−1/4 c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
c1
2 − 2 c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
0,0,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,− 1/4
1
c12 (2 c12 − 3 c22) ,
1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ] (59b)
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C−13 = [1/4
c3
2c2
2
(2 c12 − c32) (2 c12 − 3 c22) ,0,1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
c1
2c2
2 − c12c32 + 2 c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
0,0,− 1/4 c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22),− 3/4
c2
2
c12 (2 c12 − 3 c22) ,
−1/4 c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,
1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,0,0,0,− 1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
−1/4 (c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22),− 1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,
−1/4 c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
c1
2 − 2 c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
0,0,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,1/4
1
c12 (2 c12 − 3 c22) ,
1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ] (59c)
C−14 = [1/4
c3
2c2
2
(2 c12 − c32) (2 c12 − 3 c22) ,0,1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
−1/4 c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
c1
2c2
2 − c12c32 + 2 c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22),
0,0,− 1/4 c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,3/4
c2
2
c12 (2 c12 − 3 c22) ,
−1/4 c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,
−1/4 (c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,0,0,0,− 1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,
1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
c1
2 − 2 c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
0,0,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
−1/4 1
c12 (2 c12 − 3 c22) ,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ] (59d)
25
C−15 = [1/4
c3
2c2
2
(2 c12 − c32) (2 c12 − 3 c22) ,− 1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,0,
−1/4 c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
0,− 3/4 c2
2
c12 (2 c12 − 3 c22) ,− 1/4
c1
2c2
2 − c12c32 + 2 c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
−1/4 c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
0,1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,
0,1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,0,− 1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,
0,1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
0,1/4
1
c12 (2 c12 − 3 c22) ,− 1/4
c1
2 − 2 c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ] (59e)
C−16 = [1/4
c3
2c2
2
(2 c12 − c32) (2 c12 − 3 c22) ,− 1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,0,
1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
0,3/4
c2
2
c12 (2 c12 − 3 c22) ,− 1/4
c1
2c2
2 − c12c32 + 2 c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
−1/4 c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
0,− 1/4 (c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,
0,1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,0,1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,
0,− 1/4 c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
0,− 1/4 1
c12 (2 c12 − 3 c22) ,− 1/4
c1
2 − 2 c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ] (59f)
26
C−17 = [1/4
c3
2c2
2
(2 c12 − c32) (2 c12 − 3 c22) ,1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,0,
1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
0,− 3/4 c2
2
c12 (2 c12 − 3 c22) ,− 1/4
c1
2c2
2 − c12c32 + 2 c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
−1/4 c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,− 1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
0,− 1/4 (c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,
0,− 1/4 (c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,0,1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,
0,− 1/4 c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
1/4
1
c12 (2 c12 − 3 c22) ,− 1/4
c1
2 − 2 c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ] (59g)
C−18 = [1/4
c3
2c2
2
(2 c12 − c32) (2 c12 − 3 c22) ,1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,0,
−1/4 c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
0,3/4
c2
2
c12 (2 c12 − 3 c22) ,− 1/4
c1
2c2
2 − c12c32 + 2 c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
−1/4 c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,− 1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
0,1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,
0,− 1/4 (c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,0,− 1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,
0,1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
−1/4 1
c12 (2 c12 − 3 c22) ,− 1/4
c1
2 − 2 c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ] (59h)
27
C−19 = [1/4
c3
2c2
2
(2 c12 − c32) (2 c12 − 3 c22) ,− 1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
−1/4 c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,0,− 1/4
c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
−3/4 c2
2
c12 (2 c12 − 3 c22) ,0,− 1/4
c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22),0,
−1/4 c1
2c2
2 − c12c32 + 2 c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,0,1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,
0,− 1/4 (c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22),1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
0,− 1/4 (c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22),0,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
1/4
1
c12 (2 c12 − 3 c22) ,0,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
−1/4 c1
2 − 2 c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ] (59i)
C−110 = [1/4
c3
2c2
2
(2 c12 − c32) (2 c12 − 3 c22) ,− 1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,0,− 1/4
c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
3/4
c2
2
c12 (2 c12 − 3 c22) ,0,− 1/4
c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
−1/4 c1
2c2
2 − c12c32 + 2 c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22),1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
−1/4 (c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,0,1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,
0,− 1/4 (c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22),− 1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
0,1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,0,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
−1/4 1
c12 (2 c12 − 3 c22) ,0,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
−1/4 c1
2 − 2 c22
c12 (2 c12 − c32) (2 c12 − 3 c22)] (59j)
28
C−111 = [1/4
c3
2c2
2
(2 c12 − c32) (2 c12 − 3 c22) ,1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,0,− 1/4
c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
−3/4 c2
2
c12 (2 c12 − 3 c22) ,0,− 1/4
c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
−1/4 c1
2c2
2 − c12c32 + 2 c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,− 1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
−1/4 (c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,0,− 1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,
0,1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,− 1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,0,
1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,0,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
1/4
1
c12 (2 c12 − 3 c22) ,0,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
−1/4 c1
2 − 2 c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ] (59k)
C−112 = [1/4
c3
2c2
2
(2 c12 − c32) (2 c12 − 3 c22) ,1/4
c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
−1/4 c3
2c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,0,− 1/4
c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,
3/4
c2
2
c12 (2 c12 − 3 c22) ,0,− 1/4
c1
2c2
2 + c1
2c3
2 − c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
−1/4 c1
2c2
2 − c12c32 + 2 c32c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,− 1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,
1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22),0,− 1/4
(c1
2 − c22) c32
c13 (c12c22 + c12c32 − 2 c32c22) ,
0,1/4
(c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,1/4
c2
2
c1 (c12c22 + c12c32 − 2 c32c22) ,0,
−1/4 (c1
2 − c32) c22
c13 (c12c22 + c12c32 − 2 c32c22) ,0,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22),
−1/4 1
c12 (2 c12 − 3 c22) ,0,1/4
c1
2 − c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ,0,
−1/4 c1
2 − 2 c22
c12 (2 c12 − c32) (2 c12 − 3 c22) ] (59l)
29
C−113 = [−1/4
c1
2c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,1/4
c1
2
c22 (2 c12 − 3 c22) ,1/4
c1
2
c22 (2 c12 − 3 c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,1/4
c1
2
c22 (2 c12 − 3 c22) ,1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,
−1/8 c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8 c2
−3,
1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22),
1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22),
−1/8 1
c22 (2 c12 − 3 c22) ,− 1/8
1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ,
−1/8 1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ] (59m)
30
C−114 = [−1/4
c1
2c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22),
1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,1/4
c1
2
c22 (2 c12 − 3 c22),− 1/4
c1
2
c22 (2 c12 − 3 c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,− 1/4
c1
2
c22 (2 c12 − 3 c22) ,1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,
−1/8 c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c2−3,1/8 c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ,
−1/8 1
c22 (2 c12 − 3 c22) ,1/8
1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ,
1/8
1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ] (59n)
31
C−115 = [−1/4
c1
2c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,− 1/4
c1
2
c22 (2 c12 − 3 c22) ,− 1/4
c1
2
c22 (2 c12 − 3 c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,1/4
c1
2
c22 (2 c12 − 3 c22) ,1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,
−1/8 c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8 c2
−3,
1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ,
1/8
1
c22 (2 c12 − 3 c22) ,1/8
1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ,
−1/8 1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ] (59o)
32
C−116 = [−1/4
c1
2c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22),
−1/8 c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,− 1/4
c1
2
c22 (2 c12 − 3 c22) ,1/4
c1
2
c22 (2 c12 − 3 c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,− 1/4
c1
2
c22 (2 c12 − 3 c22) ,1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,
−1/8 c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c2−3,1/8 c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22),
1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ,
1/8
1
c22 (2 c12 − 3 c22) ,− 1/8
1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22),
1/8
1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ] (59p)
33
C−117 = [−1/4
c1
2c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,− 1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,− 1/4
c1
2
c22 (2 c12 − 3 c22) ,− 1/4
c1
2
c22 (2 c12 − 3 c22),
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,1/4
c1
2
c22 (2 c12 − 3 c22),1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,
1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c2−3,− 1/8 c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22),− 1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ,
1/8
1
c22 (2 c12 − 3 c22) ,1/8
1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ,
−1/8 1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ] (59q)
34
C−118 = [−1/4
c1
2c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,− 1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,− 1/4
c1
2
c22 (2 c12 − 3 c22) ,1/4
c1
2
c22 (2 c12 − 3 c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,− 1/4
c1
2
c22 (2 c12 − 3 c22) ,1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,
1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8 c2
−3,− 1/8 c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ,
1/8
1
c22 (2 c12 − 3 c22) ,− 1/8
1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22),
1/8
1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ] (59r)
35
C−119 = [−1/4
c1
2c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,− 1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,1/4
c1
2
c22 (2 c12 − 3 c22) ,1/4
c1
2
c22 (2 c12 − 3 c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,1/4
c1
2
c22 (2 c12 − 3 c22) ,1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,
1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22),
−1/8 c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c2−3,− 1/8 c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ,
−1/8 1
c22 (2 c12 − 3 c22) ,− 1/8
1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ,
−1/8 1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ] (59s)
36
C−120 = [−1/4
c1
2c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,− 1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2c3
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,1/4
c1
2
c22 (2 c12 − 3 c22),− 1/4
c1
2
c22 (2 c12 − 3 c22) ,
1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,− 1/4
c1
2
c22 (2 c12 − 3 c22) ,1/8
2 c1
2 + c3
2
(3 c22 − c32) (2 c12 − 3 c22) ,
1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8 c2
−3,
−1/8 c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,1/8
c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,
1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
c1
2 − c32
c2 (c12c22 + c12c32 − 2 c32c22) ,
−1/8 c1
2
c2 (c12c22 + c12c32 − 2 c32c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ,
−1/8 1
c22 (2 c12 − 3 c22) ,1/8
1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ,
1/8
1
c22 (2 c12 − 3 c22) ,− 1/8
1
(3 c22 − c32) (2 c12 − 3 c22) ] (59t)
C−121 = [
c1
2c2
2
(3 c22 − c32) (2 c12 − c32) ,1/2
c1
2c2
2
c3 (c12c22 + c12c32 − 2 c32c22) ,0,0,
1/2
4 c1
2c2
2 − 2 c12c32 − c32c22
c32 (3 c22 − c32) (2 c12 − c32) ,0,0,− 1/2
(2 c1
2 + c3
2) c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,
0,− 1/2 (2 c1
2 + c3
2) c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,1/2
c1
2 − 2 c22
c3 (c12c22 + c12c32 − 2 c32c22) ,
0,0,− 1/2 c1
2 − c22
c3 (c12c22 + c12c32 − 2 c32c22) ,0,− 1/2
c1
2 − c22
c3 (c12c22 + c12c32 − 2 c32c22) ,
0,0,0,0,− 1/2 2 c2
2 − c32
c32 (3 c22 − c32) (2 c12 − c32) ,0,0,1/2
c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,
0,1/2
c2
2
c32 (3 c22 − c32) (2 c12 − c32) ] (59u)
37
C−122 = [
c1
2c2
2
(3 c22 − c32) (2 c12 − c32) ,− 1/2
c1
2c2
2
c3 (c12c22 + c12c32 − 2 c32c22) ,0,0,
1/2
4 c1
2c2
2 − 2 c12c32 − c32c22
c32 (3 c22 − c32) (2 c12 − c32) ,0,0,− 1/2
(2 c1
2 + c3
2) c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,
0,− 1/2 (2 c1
2 + c3
2) c2
2
c32 (3 c22 − c32) (2 c12 − c32),− 1/2
c1
2 − 2 c22
c3 (c12c22 + c12c32 − 2 c32c22) ,
0,0,1/2
c1
2 − c22
c3 (c12c22 + c12c32 − 2 c32c22) ,0,1/2
c1
2 − c22
c3 (c12c22 + c12c32 − 2 c32c22),
0,0,0,0,− 1/2 2 c2
2 − c32
c32 (3 c22 − c32) (2 c12 − c32) ,0,0,1/2
c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,
0,1/2
c2
2
c32 (3 c22 − c32) (2 c12 − c32) ] (59v)
C−123 = [
c1
2c2
2
(3 c22 − c32) (2 c12 − c32) ,0,1/2
c1
2c2
2
c3 (c12c22 + c12c32 − 2 c32c22) ,0,
−1/2 (2 c1
2 + c3
2) c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,0,0,1/2
4 c1
2c2
2 − 2 c12c32 − c32c22
c32 (3 c22 − c32) (2 c12 − c32) ,
0,− 1/2 (2 c1
2 + c3
2) c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,0,− 1/2
c1
2 − c22
c3 (c12c22 + c12c32 − 2 c32c22) ,
0,0,0,0,1/2
c1
2 − 2 c22
c3 (c12c22 + c12c32 − 2 c32c22) ,0,− 1/2
c1
2 − c22
c3 (c12c22 + c12c32 − 2 c32c22) ,
0,1/2
c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,0,0,− 1/2
2 c2
2 − c32
c32 (3 c22 − c32) (2 c12 − c32) ,
0,1/2
c2
2
c32 (3 c22 − c32) (2 c12 − c32) ] (59w)
C−124 = [
c1
2c2
2
(3 c22 − c32) (2 c12 − c32) ,0,− 1/2
c1
2c2
2
c3 (c12c22 + c12c32 − 2 c32c22),
0,− 1/2 (2 c1
2 + c3
2) c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,0,0,1/2
4 c1
2c2
2 − 2 c12c32 − c32c22
c32 (3 c22 − c32) (2 c12 − c32) ,
0,− 1/2 (2 c1
2 + c3
2) c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,0,1/2
c1
2 − c22
c3 (c12c22 + c12c32 − 2 c32c22),
0,0,0,0,− 1/2 c1
2 − 2 c22
c3 (c12c22 + c12c32 − 2 c32c22) ,0,1/2
c1
2 − c22
c3 (c12c22 + c12c32 − 2 c32c22) ,
0,1/2
c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,0,0,− 1/2
2 c2
2 − c32
c32 (3 c22 − c32) (2 c12 − c32) ,
0,1/2
c2
2
c32 (3 c22 − c32) (2 c12 − c32) ] (59x)
38
C−125 = [
c1
2c2
2
(3 c22 − c32) (2 c12 − c32) ,0,0,1/2
c1
2c2
2
c3 (c12c22 + c12c32 − 2 c32c22),
−1/2 (2 c1
2 + c3
2) c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,0,0,− 1/2
(2 c1
2 + c3
2) c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,
0,1/2
4 c1
2c2
2 − 2 c12c32 − c32c22
c32 (3 c22 − c32) (2 c12 − c32) ,0,0,− 1/2
c1
2 − c22
c3 (c12c22 + c12c32 − 2 c32c22) ,
0,0,0,0,− 1/2 c1
2 − c22
c3 (c12c22 + c12c32 − 2 c32c22) ,0,1/2
c1
2 − 2 c22
c3 (c12c22 + c12c32 − 2 c32c22) ,
1/2
c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,0,0,1/2
c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,0,
−1/2 2 c2
2 − c32
c32 (3 c22 − c32) (2 c12 − c32) ] (59y)
C−126 = [
c1
2c2
2
(3 c22 − c32) (2 c12 − c32) ,0,0,− 1/2
c1
2c2
2
c3 (c12c22 + c12c32 − 2 c32c22) ,
−1/2 (2 c1
2 + c3
2) c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,0,0,− 1/2
(2 c1
2 + c3
2) c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,
0,1/2
4 c1
2c2
2 − 2 c12c32 − c32c22
c32 (3 c22 − c32) (2 c12 − c32) ,0,0,1/2
c1
2 − c22
c3 (c12c22 + c12c32 − 2 c32c22),
0,0,0,0,1/2
c1
2 − c22
c3 (c12c22 + c12c32 − 2 c32c22) ,0,− 1/2
c1
2 − 2 c22
c3 (c12c22 + c12c32 − 2 c32c22) ,
1/2
c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,0,0,1/2
c2
2
c32 (3 c22 − c32) (2 c12 − c32) ,0,
−1/2 2 c2
2 − c32
c32 (3 c22 − c32) (2 c12 − c32) ] (59z)
II. C−1 FOR THE D2V16
The DVM with 2 dimensions and 16 velocities can have 4 energy levels.
vir = [1, 0,−1, 0]c1
viθ = [0, 1, 0,−1]c1

 i = 1, · · · , 4, (60a)
vir = [1,−1,−1, 1]c2
viθ = [1, 1,−1,−1]c2

 i = 5, · · · , 8, (60b)
vir = [1, 0,−1, 0]2c3
viθ = [0, 1, 0,−1]2c3

 i = 9, · · · , 12, (60c)
39
vir = [1,−1,−1, 1]2
√
2c4
viθ = [1, 1,−1,−1]2
√
2c4

 i = 13, · · · , 16. (60d)
If we choose ηi = η0 for i = 5, · · · ,8, and ηi = 0 for others, then there are only five variables
in the components of the matrix C. The components of the inverse of C, C−1 =
[
C−1k
]
, are
shown below.
C−11 = [1/2
c3
2c4
2
(c12 − 2 c42) (c12 − c32) ,− 1/2
c3
2
c1 (c12 − c32) ,0,
−1/2 2 c2
4 − c22c32 + c22η02 − 2 c22c42 + c32c42
η02 (c12 − 2 c42) (c12 − c32) ,
C−11,5 , 0, C
−1
1,7 ,− 1/2
(c2
2 − c42) c32
c1 c42η02 (c12 − c32) ,0,1/2
c2
2c3
2 − c32c42 + c42η02
c1 c42η02 (c12 − c32) ,
0,1/2
c2
2c3
2 + η0
2c3
2 − c32c42 − c42η02
c1 c42η02 (c12 − c32) ,0,1/2
c1
2 − c42
c12 (c12 − 2 c42) (c12 − c32) ,
0,1/2
c4
2
c12 (c12 − 2 c42) (c12 − c32) ] (61a)
C−12 = [1/2
c3
2c4
2
(c12 − 2 c42) (c12 − c32) ,0,− 1/2
c3
2
c1 (c12 − c32) ,
−1/2 2 c2
4 − c22c32 + c22η02 − 2 c22c42 + c32c42
η02 (c12 − 2 c42) (c12 − c32) ,C
−1
2,5 ,0,C
−1
2,7 ,0,
−1/2 (c2
2 − c42) c32
c1 c42η02 (c12 − c32),0,1/2
c2
2c3
2 + η0
2c3
2 − c32c42 − c42η02
c1 c42η02 (c12 − c32) ,
0,1/2
c2
2c3
2 − c32c42 + c42η02
c1 c42η02 (c12 − c32) ,1/2
c4
2
c12 (c12 − 2 c42) (c12 − c32) ,
0,1/2
c1
2 − c42
c12 (c12 − 2 c42) (c12 − c32) ] (61b)
C−13 = [1/2
c3
2c4
2
(c12 − 2 c42) (c12 − c32),1/2
c3
2
c1 (c12 − c32) ,0,
−1/2 2 c2
4 − c22c32 + c22η02 − 2 c22c42 + c32c42
η02 (c12 − 2 c42) (c12 − c32) ,
C−13,5 ,0,C
−1
3,7 ,1/2
(c2
2 − c42) c32
c1 c42η02 (c12 − c32) ,0,− 1/2
c2
2c3
2 − c32c42 + c42η02
c1 c42η02 (c12 − c32) ,
0,− 1/2 c2
2c3
2 + η0
2c3
2 − c32c42 − c42η02
c1 c42η02 (c12 − c32) ,
0,1/2
c1
2 − c42
(c12 − 2 c42) c12 (c12 − c32) ,0,1/2
c4
2
(c12 − 2 c42) c12 (c12 − c32) ] (61c)
40
C−14 = [1/2
c3
2c4
2
(c12 − 2 c42) (c12 − c32) ,0,1/2
c3
2
c1 (c12 − c32) ,
−1/2 2 c2
4 − c22c32 + c22η02 − 2 c22c42 + c32c42
η02 (c12 − 2 c42) (c12 − c32) ,C
−1
4,5 ,0,C
−1
4,7 ,
0,
(c2
2 − c42) c32
2c1 c42η02 (c12 − c32),0,−
c2
2c3
2 + η0
2c3
2 − c32c42 − c42η02
2c1 c42η02 (c12 − c32) ,
0,− c2
2c3
2 − c32c42 + c42η02
2c1 c42η02 (c12 − c32) ,
c4
2
2 (c12 − 2 c42) c12 (c12 − c32) ,
0,1/2
c1
2 − c42
(c12 − 2 c42) c12 (c12 − c32) ] (61d)
C−15 = [0,0,0,1/4 η0
−2,− 1/4 η0−2,− 1/2 c4
2
c22 (η02 + 2 c22 − 2 c42) ,
−1/4 η0−2,1/4 1
c2 η02
,1/4
1
c2 η02
,− 1/4 1
c2 η02
,− 1/4 1
c2 η02
,
−1/4 1
c2 η02
,− 1/4 1
c2 η02
,0,1/4
1
c22 (η02 + 2 c22 − 2 c42) ,0] (61e)
C−16 = [0,0,0,1/4 η0
−2,− 1/4 η0−2,1/2 c4
2
c22 (η02 + 2 c22 − 2 c42) ,− 1/4 η0
−2,
−1/4 1
c2 η02
,1/4
1
c2 η02
,1/4
1
c2 η02
,− 1/4 1
c2 η02
,1/4
1
c2 η02
,
−1/4 1
c2 η02
,0,− 1/4 1
c22 (η02 + 2 c22 − 2 c42) ,0] (61f)
C−17 = [0,0,0,1/4 η0
−2,− 1/4 η0−2,− 1/2 c4
2
c22 (η02 + 2 c22 − 2 c42) ,
−1/4 η0−2,− 1/4 1
c2 η02
,− 1/4 1
c2 η02
,1/4
1
c2 η02
,1/4
1
c2 η02
,
1/4
1
c2 η02
,1/4
1
c2 η02
,0,1/4
1
c22 (η02 + 2 c22 − 2 c42) ,0] (61g)
C−18 = [0,0,0,1/4 η0
−2,− 1/4 η0−2,1/2 c4
2
c22 (η02 + 2 c22 − 2 c42) ,− 1/4 η0
−2,
1/4
1
c2 η02
,− 1/4 1
c2 η02
,− 1/4 1
c2 η02
,1/4
1
c2 η02
,− 1/4 1
c2 η02
,
1/4
1
c2 η02
,0,− 1/4 1
c22 (η02 + 2 c22 − 2 c42) ,0] (61h)
41
C−19 = [−1/2
c4
2c1
2
(c32 − 2 c42) (c12 − c32) ,1/2
c1
2
c3 (c12 − c32) ,0,
−1/2 c1
2c2
2 − c42c12 − 2 c24 − c22η02 + 2 c22c42
η02 (c32 − 2 c42) (c12 − c32) ,C
−1
9,5 ,0,C
−1
9,7 ,
1/2
(c2
2 − c42) c12
c42η02c3 (c12 − c32) ,0,− 1/2
c1
2c2
2 − c42c12 + c42η02
c42η02c3 (c12 − c32) ,0,
−1/2 c1
2c2
2 − c42η02 − c42c12 + c12η02
c42η02c3 (c12 − c32) ,0,
− −c4
2 + c3
2
2c32 (c32 − 2 c42) (c12 − c32) ,0,−
c4
2
2c32 (c32 − 2 c42) (c12 − c32) ] (61i)
C−110 = [−1/2
c4
2c1
2
(c32 − 2 c42) (c12 − c32) ,0,1/2
c1
2
c3 (c12 − c32) ,
−1/2 c1
2c2
2 − c42c12 − 2 c24 − c22η02 + 2 c22c42
η02 (c32 − 2 c42) (c12 − c32) ,C
−1
10,5,0,C
−1
10,7,0,
1/2
(c2
2 − c42) c12
c42η02c3 (c12 − c32) ,0,− 1/2
c1
2c2
2 − c42η02 − c42c12 + c12η02
c42η02c3 (c12 − c32) ,
0,− 1/2 c1
2c2
2 − c42c12 + c42η02
c42η02c3 (c12 − c32) ,− 1/2
c4
2
c32 (c32 − 2 c42) (c12 − c32) ,
0,− 1/2 −c4
2 + c3
2
c32 (c32 − 2 c42) (c12 − c32)] (61j)
C−111 = [−1/2
c4
2c1
2
(c32 − 2 c42) (c12 − c32) ,− 1/2
c1
2
c3 (c12 − c32) ,0,
−1/2 c1
2c2
2 − c42c12 − 2 c24 − c22η02 + 2 c22c42
η02 (c32 − 2 c42) (c12 − c32) ,C
−1
11,5,0,C
−1
11,7,
−1/2 (c2
2 − c42) c12
c42η02c3 (c12 − c32) ,0,1/2
c1
2c2
2 − c42c12 + c42η02
c42η02c3 (c12 − c32) ,
0,1/2
c1
2c2
2 − c42η02 − c42c12 + c12η02
c42η02c3 (c12 − c32) ,0,− 1/2
−c42 + c32
c32 (c32 − 2 c42) (c12 − c32) ,
0,− 1/2 c4
2
c32 (c32 − 2 c42) (c12 − c32) ] (61k)
42
C−112 = [−1/2
c4
2c1
2
(c32 − 2 c42) (c12 − c32) ,0,− 1/2
c1
2
c3 (c12 − c32),
−1/2 c1
2c2
2 − c42c12 − 2 c24 − c22η02 + 2 c22c42
η02 (c32 − 2 c42) (c12 − c32) ,C
−1
12,5,0,C
−1
12,7,0,
−1/2 (c2
2 − c42) c12
c42η02c3 (c12 − c32) ,0,1/2
c1
2c2
2 − c42η02 − c42c12 + c12η02
c42η02c3 (c12 − c32) ,
0,1/2
c1
2c2
2 − c42c12 + c42η02
c42η02c3 (c12 − c32) ,− 1/2
c4
2
c32 (c32 − 2 c42) (c12 − c32) ,0,
−1/2 −c4
2 + c3
2
c32 (c32 − 2 c42) (c12 − c32)] (61l)
C−113 = [1/4
c3
2c1
2
(c32 − 2 c42) (c12 − 2 c42) ,0,0,
1/4
2 c1
2c2
2 − c32c12 − 4 c24 − 2 c22η02 + 2 c22c32
η02 (c32 − 2 c42) (c12 − 2 c42) ,
−1/4 2 c1
2c2
2 + c1
2η0
2 − c32c12 − 4 c24 − 2 c22η02 + 2 c22c32 + η02c32
η02 (c32 − 2 c42) (c12 − 2 c42) ,
1/4
2 c2
2 + η0
2
c42 (η02 + 2 c22 − 2 c42) ,
−1/4 2 c1
2c2
2 + c1
2η0
2 − c32c12 − 4 c24 − 2 c22η02 + 2 c22c32 + η02c32
η02 (c32 − 2 c42) (c12 − 2 c42) ,
−1/4 c2
2
η02c43
,− 1/4 c2
2
η02c43
,1/4
c2
2
η02c43
,1/4
c2
2 + η0
2
η02c43
,1/4
c2
2 + η0
2
η02c43
,
1/4
c2
2
η02c43
,1/4
1
(c32 − 2 c42) (c12 − 2 c42) ,− 1/4
1
c42 (η02 + 2 c22 − 2 c42) ,
1/4
1
(c32 − 2 c42) (c12 − 2 c42) ] (61m)
43
C−114 = [1/4
c3
2c1
2
(c32 − 2 c42) (c12 − 2 c42) ,0,0,
1/4
2 c1
2c2
2 − c32c12 − 4 c24 − 2 c22η02 + 2 c22c32
η02 (c32 − 2 c42) (c12 − 2 c42) ,
−1/4 2 c1
2c2
2 + c1
2η0
2 − c32c12 − 4 c24 − 2 c22η02 + 2 c22c32 + η02c32
η02 (c32 − 2 c42) (c12 − 2 c42) ,
−1/4 2 c2
2 + η0
2
c42 (η02 + 2 c22 − 2 c42) ,
−1/4 2 c1
2c2
2 + c1
2η0
2 − c32c12 − 4 c24 − 2 c22η02 + 2 c22c32 + η02c32
η02 (c32 − 2 c42) (c12 − 2 c42) ,
1/4
c2
2
η02c43
,− 1/4 c2
2
η02c43
,− 1/4 c2
2
η02c43
,1/4
c2
2 + η0
2
η02c43
,− 1/4 c2
2 + η0
2
η02c43
,
1/4
c2
2
η02c43
,1/4
1
(c32 − 2 c42) (c12 − 2 c42) ,1/4
1
c42 (η02 + 2 c22 − 2 c42) ,
1/4
1
(c32 − 2 c42) (c12 − 2 c42) ] (61n)
C−115 = [1/4
c3
2c1
2
(c32 − 2 c42) (c12 − 2 c42) ,0,0,
1/4
2 c1
2c2
2 − c32c12 − 4 c24 − 2 c22η02 + 2 c22c32
η02 (c32 − 2 c42) (c12 − 2 c42) ,
−1/4 2 c1
2c2
2 + c1
2η0
2 − c32c12 − 4 c24 − 2 c22η02 + 2 c22c32 + η02c32
η02 (c32 − 2 c42) (c12 − 2 c42) ,
1/4
2 c2
2 + η0
2
c42 (η02 + 2 c22 − 2 c42) ,
−1/4 2 c1
2c2
2 + c1
2η0
2 − c32c12 − 4 c24 − 2 c22η02 + 2 c22c32 + η02c32
η02 (c32 − 2 c42) (c12 − 2 c42) ,
1/4
c2
2
η02c43
,1/4
c2
2
η02c43
,− 1/4 c2
2
η02c43
,− 1/4 c2
2 + η0
2
η02c43
,− 1/4 c2
2 + η0
2
η02c43
,
−1/4 c2
2
η02c43
,1/4
1
(c32 − 2 c42) (c12 − 2 c42),− 1/4
1
c42 (η02 + 2 c22 − 2 c42) ,
1/4
1
(c32 − 2 c42) (c12 − 2 c42) ] (61o)
44
C−116 = [1/4
c3
2c1
2
(c32 − 2 c42) (c12 − 2 c42) ,0,0,
1/4
2 c1
2c2
2 − c32c12 − 4 c24 − 2 c22η02 + 2 c22c32
η02 (c32 − 2 c42) (c12 − 2 c42) ,
−1/4 2 c1
2c2
2 + c1
2η0
2 − c32c12 − 4 c24 − 2 c22η02 + 2 c22c32 + η02c32
η02 (c32 − 2 c42) (c12 − 2 c42) ,
−1/4 2 c2
2 + η0
2
c42 (η02 + 2 c22 − 2 c42) ,
−1/4 2 c1
2c2
2 + c1
2η0
2 − c32c12 − 4 c24 − 2 c22η02 + 2 c22c32 + η02c32
η02 (c32 − 2 c42) (c12 − 2 c42) ,
−1/4 c2
2
η02c43
,1/4
c2
2
η02c43
,1/4
c2
2
η02c43
,− 1/4 c2
2 + η0
2
η02c43
,1/4
c2
2 + η0
2
η02c43
,
−1/4 c2
2
η02c43
,1/4
1
(c32 − 2 c42) (c12 − 2 c42) ,
1/4
1
c42 (η02 + 2 c22 − 2 c42) ,1/4
1
(c32 − 2 c42) (c12 − 2 c42) ] (61p)
with
C−1m,n =
pm,n
qm,n
where
p1,5 = 2 c1
2c2
4 + c1
2c2
2η0
2 − c12c22c32 − 2 c22c42c12 − c12η02c32
+η0
2c3
2c4
2 + c1
2c3
2c4
2 − c12c42η02,
q1,5 = 2
(
c1
2 − 2 c42
)
c1
2η0
2
(
c1
2 − c32
)
,
p1,7 = 2 c1
2c2
4 − c12c22c32 + c12c22η02 − 2 c22c42c12
+c1
2c3
2c4
2 − c12c42η02 − η02c32c42,
q1,7 = 2
(
c1
2 − 2 c42
)
c1
2η0
2
(
c1
2 − c32
)
,
p2,5 = 2 c1
2c2
4 − c12c22c32 + c12c22η02 − 2 c22c42c12
+c1
2c3
2c4
2 − c12c42η02 − η02c32c42,
q2,5 = 2
(
c1
2 − 2 c42
)
c1
2η0
2
(
c1
2 − c32
)
,
p2,7 = 2 c1
2c2
4 + c1
2c2
2η0
2 − c12c22c32 − 2 c22c42c12 − c12η02c32
+η0
2c3
2c4
2 + c1
2c3
2c4
2 − c12c42η02,
45
q2,7 = 2
(
c1
2 − 2 c42
)
c1
2η0
2
(
c1
2 − c32
)
,
p3,5 = 2 c1
2c2
4 + c1
2c2
2η0
2 − c12c22c32 − 2 c22c42c12 − c12η02c32
+η0
2c3
2c4
2 + c1
2c3
2c4
2 − c12c42η02,
q3,5 = 2
(
c1
2 − 2 c42
)
c1
2η0
2
(
c1
2 − c32
)
,
p3,7 = 2 c1
2c2
4 − c12c22c32 + c12c22η02 − 2 c22c42c12 + c12c32c42
−c12c42η02 − η02c32c42,
q3,7 = 2
(
c1
2 − 2 c42
)
c1
2η0
2
(
c1
2 − c32
)
,
p4,5 = 2 c1
2c2
4 − c12c22c32 + c12c22η02 − 2 c22c42c12
+c1
2c3
2c4
2 − c12c42η02 − η02c32c42,
q4,5 = 2
(
c1
2 − 2 c42
)
c1
2η0
2
(
c1
2 − c32
)
,
p4,7 = 2 c1
2c2
4 + c1
2c2
2η0
2 − c12c22c32 − 2 c22c42c12 − c12η02c32
+η0
2c3
2c4
2 + c1
2c3
2c4
2 − c12c42η02,
q4,7 = 2
(
c1
2 − 2 c42
)
c1
2η0
2
(
c1
2 − c32
)
,
p9,5 = c1
2c2
2c3
2 + c1
2η0
2c3
2 − c12c32c42 − c12c42η02 − 2 c32c24
−c32c22η02 + 2 c22c42c32 + η02c32c42,
q9,5 = 2η0
2c3
2
(
c3
2 − 2 c42
) (
c1
2 − c32
)
,
p9,7 = c1
2c2
2c3
2 − c12c32c42 + c12c42η02 − 2 c32c24 − c32c22η02
+2 c2
2c4
2c3
2 + η0
2c3
2c4
2,
q9,7 = 2η0
2c3
2
(
c3
2 − 2 c42
) (
c1
2 − c32
)
,
p10,5 = c1
2c2
2c3
2 − c12c32c42 + c12c42η02 − 2 c32c24 − c32c22η02
+2 c2
2c4
2c3
2 + η0
2c3
2c4
2,
q10,5 = 2η0
2c3
2
(
c3
2 − 2 c42
) (
c1
2 − c32
)
,
46
p10,7 = c1
2c2
2c3
2 + c1
2η0
2c3
2 − c12c32c42 − c12c42η02 − 2 c32c24
−c32c22η02 + 2 c22c42c32 + η02c32c42,
q10,7 = 2η0
2c3
2
(
c3
2 − 2 c42
) (
c1
2 − c32
)
,
p11,5 = c1
2c2
2c3
2 + c1
2η0
2c3
2 − c12c32c42 − c12c42η02 − 2 c32c24
−c32c22η02 + 2 c22c42c32 + η02c32c42,
q11,5 = 2η0
2c3
2
(
c3
2 − 2 c42
) (
c1
2 − c32
)
,
p11,7 = c1
2c2
2c3
2 − c12c32c42 + c12c42η02 − 2 c32c24 − c32c22η02
+2 c2
2c4
2c3
2 + η0
2c3
2c4
2,
q11,7 = 2η0
2c3
2
(
c3
2 − 2 c42
) (
c1
2 − c32
)
,
p12,5 = c1
2c2
2c3
2 − c12c32c42 + c12c42η02 − 2 c32c24 − c32c22η02
+2 c2
2c4
2c3
2 + η0
2c3
2c4
2,
q12,5 = 2η0
2c3
2
(
c3
2 − 2 c42
) (
c1
2 − c32
)
,
p12,7 = c1
2c2
2c3
2 + c1
2η0
2c3
2 − c12c32c42 − c12c42η02 − 2 c32c24
−c32c22η02 + 2 c22c42c32 + η02c32c42,
q12,7 = 2η0
2c3
2
(
c3
2 − 2 c42
) (
c1
2 − c32
)
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